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tropic, linear elastic solid is considered. The reciprocity gap functional method is used for solving the
problem. It is shown that the parameters of the ellipsoidal defect (coordinates of its center, the directions
and magnitudes of the semiaxes and elastic moduli in the case of isotropic, linear elastic inclusion),
located in an inﬁnite elastic solid are expressed by means of the values of the reciprocity gap functional.
The values of the reciprocity gap functional can be calculated if the loads and displacements correspond-
ing to uniaxial tension (compression) of an inﬁnite solid are known on the closed surface containing the
defect inside. Applications of the results to the problem of ellipsoidal defect identiﬁcation in a bounded
body are discussed. A number of numerical examples showing the efﬁciency of the developed identiﬁca-
tion method are considered.
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The reciprocity gap functional (RGF) is deﬁned as an integral
over a closed surface, located in an elastic body, of the function,
depending on the given and auxiliary elastic ﬁelds. The RGF is
equal to zero for all regular auxiliary elastic ﬁelds if there are no
defects inside the surface. If a defect is located inside the closed
surface, then the values of RGF can differ from zero for some regu-
lar auxiliary elastic ﬁelds and the values of RGF give information
about the defect. Similar properties of the scalar elliptic equations
were used for solving inverse problems by Andrieux and Ben Abda
(1996), Bannour et al. (1997), El Badia and Ha-Duong (2000), Alves
et al. (2004), El Badia (2005). Andrieux et al. (1999) applied the RGF
method for solving elastostatic inverse problem of a plane crack
identiﬁcation. Other publications concerning applications of the
RGF method to the inverse problems can be found in the reviews
of Bonnet and Constantinescu (2005) and Avril et al. (2008). The
RGF method enables also to develop an analytical approach for de-
fect parameters identiﬁcation in some particular cases. The prob-
lems of identiﬁcation of spherical and spheroidal defects in an
elastic solid were solved analytically in Goldstein et al. (2007)
and Shifrin and Shushpannikov (2010). Solutions of the problems
used substantially the spherical and axial symmetry of the defects,
respectively. Shifrin (2010) proposed an approach for determina-
tion of the geometrical parameters of an arbitrary ellipsoidal defectll rights reserved.
+7 499 7399531.
ifrin), shushpan@ipmnet.ruusing results of one uniaxial tension (compression) test. The
further development of the approach is presented in this paper.
The formulas for determination of elastic constants of an isotropic,
linear elastic inclusion are obtained also. A number of numerical
examples, including the cases when a defect has non-ellipsoidal
shape, are considered. The examples show that developed identiﬁ-
cation method enables to determine the parameters of an ellipsoi-
dal defect with high accuracy. In the case of a non-ellipsoidal
defect the method enables to construct an ellipsoid that reasonably
approximates the defect.
2. Statement of the problem
Let V  R3 be a simply connected domain with a boundary @V,
and G  V is an ellipsoid, X = VnG. Let us suppose that an isotropic,
linear elastic body with a shear modulus lM and Poisson ratio mM
occupies the domain X. The ellipsoidal defect G can be a cavity
or an inclusion (rigid or linear elastic). Let us introduce Cartesian
coordinates OX1X2X3. We will mark with the superscript d the
stress–strain state in the body X : rdij is the stress tensor, edij is the
strain tensor and ud ¼ ud1;ud2;ud3
 
is the displacement vector.
According to our suppositions the following equalities are valid
for X = (X1,X2,X3) 2X:
edij ¼
1
2
udi;j þ udj;i
 
; ði ¼ 1;2;3; j ¼ 1;2;3Þ
rdij ¼ 2lM
mM
1 2mM h
ddij þ edij
 
; hd ¼
X3
k¼1
edkk
rdij;j ¼ 0
ð1Þ
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is the Kronecker delta.
It is supposed that the loads tdðXÞ ¼ td1ðXÞ; td2ðXÞ; td3ðXÞ
 
; X 2 @V
are applied to the external boundary of the body X
rdijðXÞnjðXÞ ¼ tdi ðXÞ; X 2 @V ð2Þ
where n(X) = (n1(X),n2(X),n3(X)) is a unit outward normal to the
boundary @V at the point X.
The applied loads are self-equilibrated
Z
@V
tddS ¼ 0;
Z
@V
X  tddS ¼ 0 ð3Þ
where  is the vector product.
If the defect G is a cavity we suppose that the boundary @G is
unloaded
rdijðXÞNjðXÞ ¼ 0; X 2 @G ð4Þ
where N(X) = (N1(X),N2(X),N3(X)) is a unit normal to @G at the point
X.
If the defect G is an inclusion, we suppose that G is a rigid body
or a linear elastic body with the unknown elastic constants CIijkl. It
is supposed also complete bonding between the matrix and the
inclusion. Let us denote by rIij; eIij and uI ¼ uI1;uI2;uI3
 
the stresses,
strains and displacements of the inclusion, respectively. The men-
tioned suppositions lead to the following equations for X 2 G in the
case of linear elastic inclusion:
eIij ¼
1
2
uIi;j þ uIj;i
 
; ði ¼ 1;2;3; j ¼ 1;2;3Þ
rIij ¼ CIijkleIkl
rIij;j ¼ 0
ð5Þ
The bonding conditions have the following form:
uIðXÞ ¼ udðXÞ; rIijðXÞNjðXÞ ¼ rdijðXÞNjðXÞ; X 2 @G ð6Þ
Wesuppose that overdetermined boundary data (the applied loads td
and displacements ud) are available on the whole boundary @V. The
problem consists in searching for the geometrical parameters (the
shape and location) of the defect G and its elastic moduli (in the case
of isotropic, linear elastic inclusion) using available data.
3. Suppositions and notations
Let us suppose that the center of the ellipsoid G is located at the
pointM0 X01;X
0
2;X
0
3
 
. Consider Cartesian coordinatesM0x1x2x3 with
the origin at the point M0
Xi ¼ xi þ X0i ; i ¼ 1;2;3 ð7Þ
Consider also Cartesian coordinates M0x01x
0
2x
0
3 with the origin at the
pointM0 and the axes, directed along the axes of the ellipsoid G. De-
note the magnitudes of the ellipsoid semiaxes by a1, a2 and a3.
According to our suppositions, the equation of the surface @G is as
follows:
x021
a21
þ x
02
2
a22
þ x
02
3
a23
¼ 1 ð8Þ
Let e1, e2, e3 be the basis vectors in the directions of the axes X1, X2,
X3, respectively. We denote by e01; e
0
2 and e
0
3 the basis vectors in the
directions of the axes x01; x
0
2 and x
0
3, respectively. Denote the coordi-
nates of the vectors e01; e
0
2; e
0
3 in the basis e1, e2, e3 as follows:
e01 ¼ c101; c102; c103ð Þ; e02 ¼ c201; c202; c203ð Þ; e03 ¼ c301; c302; c303ð Þ
ð9ÞWe will call the elastic ﬁelds in the body V without defects as
regular elastic ﬁelds and mark by a superscript r (ur ¼ ur1;ur2;ur3
 
;
erij; rrij are the displacement vector, the strain tensor and the stress
tensor, respectively). The regular elastic ﬁelds satisfy the Eq. (1) in
the domain V.
The RGF, depending on two stress states with superscripts d and
r, is deﬁned as follows:
RGðd; rÞ ¼
Z
S
tdi u
r
i  tri udi
 
dS ð10Þ
where S is a closed surface containing the defect G inside.
The value RG(d,r) does not depend on the surface S. In particular,
ifwe take S = @V, then the values RG(d,r) can be calculated for all reg-
ular elastic ﬁelds r in the casewhen theapplied loads td anddisplace-
ments ud aremeasured on the boundary @V. We suppose below that
G is a linear elastic inclusion. The cases of a cavity or rigid inclusion
can be considered as special cases when CIijkl ¼ 0 and CIijkl ¼ 1,
respectively. It was shown in Shifrin and Shushpannikov (2010) that
the expression (10) can be rewritten in the following form:
RGðd; rÞ ¼
Z
G
DeIijr
r
ijdX ð11Þ
where DeIij ¼ eIij  eIij; eIij are the strains corresponding to the stresses
rIij in the isotropic, linear elastic material with the shear modulus
lM and Poisson ratio mM:
eIij ¼
1
2lMð1þ mMÞ
ð1þ mMÞrIij  mMHIdij
h i
; HI ¼
X3
p¼1
rIpp ð12Þ
At ﬁrst, we will solve the inverse problem for an inﬁnite elastic solid
(V = R3). Let us mark by the superscriptmn an elastic ﬁeld in R3 with
constant stresses given by the following formula:
rmnij ¼
r
2
ðdimdjn þ dindjmÞ ð13Þ
where the value r has the dimension of stresses.
Let us mark by the superscript kld an elastic ﬁeld in an inﬁnite
solid with the defect G and the following boundary conditions at
the inﬁnity:
lim
X!1
rkldij ðXÞ ¼ rklij ð14Þ
Introduce the following notation
Rklmn ¼ RGðkld;mnÞ ð15Þ
It is shown in Shifrin (2009) that fourth-rank tensor Rklmn satisﬁes
the following equalities:
Rklmn ¼ Rlkmn ¼ Rklnm ¼ Rmnkl ð16Þ
Let us denote the elastic ﬁeld inside the inclusion G, determined by
the stresses (14), by the superscript klI. It is shown in Eshelby
(1957) and Asaro (1975) that the stresses and strains in the ellipsoi-
dal inclusion are constants:
rklIij ðXÞ ¼ const; eklIij ðXÞ ¼ const; X 2 G;
ði ¼ 1;2;3; j ¼ 1;2;3Þ ð17Þ
It follows from the Eqs. (11) and (17)
RGðkld; rÞ ¼ Deklij
Z
G
rrijdX ð18Þ
where Deklij ¼ eklIij  eklIij .
Taking the elastic ﬁeld with the superscript mn, determined in
Eq. (13), as the regular elastic ﬁeld r and using Eq. (18), one has
(Shifrin and Shushpannikov, 2010)
Rklmn ¼ rDeklmnjGj ð19Þ
where jGj is the volume of the domain G.
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ing to uniaxial tension (compression) in the direction of the axis X3,
are applied at the inﬁnity. So, the problem is to express the geo-
metrical parameters of the defect ðX01;X02;X03; a1; a2; a3; e01; e02; e03Þ
by means of the values RG(33d,r), using various regular elastic
ﬁelds r. In the case of isotropic, linear elastic inclusion its shear
modulus lI and Poisson ratio mI can be expressed by means of
the values RG(33d,r) also.4. Determination of the defect geometrical parameters
It is shown in Shifrin and Shushpannikov (2010) that the center
of an arbitrary ellipsoidal defect can be determined using the fol-
lowing regular ﬁelds with the stresses linearly depending on the
coordinates:
rL1 ¼r
L
0 0 0
0 0 0
0 0 X1
0
BBB@
1
CCCA; uL1 ¼ r4lMð1þmMÞL
mM X21X22
 
X23
2mMX1X2
2X1X3
0
BBBB@
1
CCCCA
rL2 ¼r
L
0 0 0
0 0 0
0 0 X2
0
BBB@
1
CCCA; uL2 ¼ r4lMð1þmMÞL
2mMX1X2
mM X21X22
 
X23
2X2X3
0
BBB@
1
CCCA
ð20Þ
rL3 ¼ r
L
0 0 X1
0 0 0
X1 0 X3
0
BBB@
1
CCCA;
uL3 ¼ r
4lMð1þ mMÞL
2mMX1X3
2mMX2X3
ð2þ mMÞX21 þ mMX22 þ X23
0
BBB@
1
CCCAwhere the value L has the dimension of length, and rLk and uLk are
the stress tensors and displacement vectors, respectively.
According to Shifrin and Shushpannikov (2010) the coordinates
of the center are expressed by means of the RGF as follows:
X01
L
¼ RGð33d; L1Þ
R3333
;
X02
L
¼ RGð33d; L2Þ
R3333
;
X03
L
¼ R3333RGð33d; L3Þ þ 2R3313RGð33d; L1Þ
R23333
ð21Þ
Because the center of the ellipsoid is determined, below we will use
the Cartesian coordinatesM0x1x2x3 andM
0x01x
0
2x
0
3 to determine other
ellipsoid parameters. Let us note
Z
G
x02k dx
0 ¼ a
2
k jGj
5
; k ¼ 1;2;3;
Z
G
x0ix
0
jdx
0 ¼ 0; i– j ð22Þ
It follows from the Eqs. (9) and (22)
Z
G
x21dx ¼
jGjz1
5
;
Z
G
x22dx ¼
jGjz2
5
;
Z
G
x23dx ¼
jGjz3
5Z
G
x1x2dx ¼ jGjz45 ;
Z
G
x1x3dx ¼ jGjz55 ;
Z
G
x2x3dx ¼ jGjz65
ð23Þwhere
z1 ¼ c2101a21 þ c2201a22 þ c2301a23;
z2 ¼ c2102a21 þ c2202a22 þ c2302a23;
z3 ¼ c2103a21 þ c2203a22 þ c2303a23
z4 ¼ c101c102a21 þ c201c202a22 þ c301c302a23;
z5 ¼ c101c103a21 þ c201c203a22 þ c301c303a23
z6 ¼ c102c103a21 þ c202c203a22 þ c302c303a23
ð24Þ
The values z1, . . . ,z6 can be determined using regular elastic ﬁelds
with the stresses quadratically depending on the coordinates.
rQ1 ¼ r
L2
x23 0 0
0 mM x23  x21
 
0
0 0 x21
0
B@
1
CA;
uQ1 ¼ r
6lML
2
3ð1 mMÞx1x23 þ mMx31
0
 3ð1 mMÞx21x3 þ mMx33
 	
0
B@
1
CA
rQ2 ¼ r
L2
x22 x23 0 0
0 x23 x21 0
0 0 x21 x22
0
B@
1
CA; uQ2 ¼ r
2lML
2
x1 x22 x23
 
x2 x23 x21
 
x3 x21 x22
 
0
B@
1
CA
rQ3 ¼ r
L2
x21  x23 0 2x1x3
0 0 0
2x1x3 0 x23  x21
0
B@
1
CA; uQ3 ¼ r
6lML
2
x31  3x1x23
0
x33  3x21x3
0
B@
1
CA
rQ4 ¼ r
L2
0 0 0
0 x1x3 x1x2
0 x1x2 x1x3
0
B@
1
CA; uQ4 ¼ r
12lML
2
3x22x3  x33
6x1x2x3
3x1 x23  x22
 
0
B@
1
CA
rQ5 ¼ r
L2
x2x3 0 x1x2
0 0 0
x1x2 0 x2x3
0
B@
1
CA; uQ5 ¼ r
12lML
2
6x1x2x3
x3 3x21  x23
 
3x2 x23  x21
 
0
B@
1
CA
ð25Þ
rQ6 ¼ r
L2
2x1x2 x22  x23 0
x22  x23 0 0
0 0 2x1x2
0
B@
1
CA;
uQ6 ¼ r
6lML
2
3x21x2  3x2x23 þ 2x32
x1 x21  3x23
 
6x1x2x3
0
B@
1
CA
It follows from the Eqs. (18), (19), (23), (24) and (25), that the values
z1, . . . ,z6 satisfy the system of linear algebraic equations (Shifrin,
2010)
ðR3333þmMR3322Þz1þðR3311þmMR3322Þz3 ¼ 5L2RGð33d;Q1Þ
ðR3333R3322Þz1ðR3333R3311Þz2þðR3322R3311Þz3 ¼ 5L2RGð33d;Q2Þ
 ðR3333R3311Þz1þðR3333R3311Þz34R3313z5 ¼ 5L2RGð33d;Q3Þ
2R3323z4þðR3333R3322Þz5 ¼ 5L2RGð33d;Q4Þ
2R3313z4þðR3333R3311Þz6 ¼ 5L2RGð33d;Q5Þ
R3312z2R3312z3þðR3333R3311Þz4 ¼ 2:5L2RGð33d;Q6Þ
ð26Þ
The determinant D of the system of linear algebraic equations is
equal
D¼ðR3333R3311Þ2ðR3333R3322Þ ðR3333R3311Þ38R3312R3313R3323
h i
ð27Þ
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ﬁlled numerical calculations this condition is valid. The reasons to
use the chosen quadratic regular ﬁelds are discussed in Shifrin
(2010). Below, it is supposed that the condition D – 0 is valid and
the values z1, . . . ,z6 are calculated. Using the values z1, . . . ,z6, the
directions and magnitudes of the semiaxes of the ellipsoid G can
be determined. Consider the symmetric matrix
Z ¼
z1 z4 z5
z4 z2 z6
z5 z6 z3
0
B@
1
CA ð28Þ
It follows from the Eqs. (9), (24) and (28) (Shifrin, 2010), that the
vectors e01; e
0
2 and e
0
3 are the eigenvectors of the matrix Z and
a21; a
2
2 and a
2
3 are the corresponding eigenvalues. Let us note that
a quadratic ﬁeld was used as an auxiliary ﬁeld by Andrieux and
Ben Abda (1996) (see also Bannour et al. (1997)) to identify a plane
crack in a steady-state electrical conduction problem for a homoge-
neous medium.
5. Determination of the elastic constants of isotropic, linear
elastic inclusion
If we suppose that the defect G is an isotropic, linear elastic,
ellipsoidal inclusion with shear modulus lI and Poisson ratio mI,
then it is possible to determine its elastic constants, using an expli-
cit form of the solution of the direct problem (Eshelby, 1957; Asaro,
1975). Because the center and the axes of the ellipsoidal defect are
determined, consider the Cartesian coordinates M0x01x
0
2x
0
3. Let us
denote the strain tensor at the inﬁnity in these coordinates by
e1i0 j0 . The strain tensor at the inﬁnity has the following form in the
initial coordinates OX1X2X3 for the applied stresses r33ij :
e111 ¼ e122 ¼
mMr
2lMð1þ mMÞ
; e133 ¼
r
2lMð1þ mMÞ
;
e112 ¼ e113 ¼ e123 ¼ 0 ð29Þ
It follows from the Eq. (9)
e1i0 j0 ¼ ci0 icj0 je1ij ð30Þ
Tensor De33ij, introduced in Eq. (18), has the following form in the
coordinates M0x01x
0
2x
0
3:
De33i0j0 ¼ ci0 icj0 jDe33ij ð31Þ
The values De33ij can be calculated from Eq. (19). The expressions
for the shear modulus lI and Poisson ratio mI of an arbitrary ellipsoi-
dal inclusion have the same form as the expressions for spheroidal
inclusion, obtained in Shifrin and Shushpannikov (2010)
lI
lM
¼ 1þ De333030  De331010
S1010p0q0  S3030p0q0
 
De33p0q0 þ e13030  e11010
ð32Þ
1þ mI
1 2mI ¼
lI
lM

 1 1þ mM
1 2mM

 
1
P3
p0¼1De33p0p0P3
k0¼1Sk0k0p0q0De33p0q0  h1
 !
ð33Þ
where Si0 j0p0q0 is the Eshelby tensor, h
1 ¼P3p0¼1e1p0p0 ¼ rð1 2mMÞ½2lM
ð1þ mMÞ1.
The Eshelby tensor in the case of arbitrary ellipsoidal inclusion
has the form (Eshelby, 1957)
S10101010 ¼
3
8pð1 mMÞ a
2
1I11 þ
1 2mM
8pð1 mMÞ I1
S10102020 ¼
3
8pð1 mMÞ a
2
2I12 
1 2mM
8pð1 mMÞ I1
S10103030 ¼
3
8pð1 mMÞ a
2
3I13 
1 2mM
8pð1 mMÞ I1
2S10201020 ¼
3
8pð1 mMÞ a
2
1 þ a22
 
I12 þ 1 2mM8pð1 mMÞ ðI1 þ I2Þ
ð34ÞSi0 j0k0 l0 ¼ 0 if at least one of the indices enters in the set of indices
i0j0k0l0 an odd number of times, Si0 j0k0 l0 ¼ Sj0 i0k0 l0 ¼ Si0 j0 l0k0 . All other non-
zero components are obtained by the cyclic permutation of the indi-
ces (1,2,3) in Eq. (34). The values I1, I2 and I3 have the following
form in the case when a1 > a2 > a3
I1 ¼ 4pa1a2a3
a21  a22
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  a23
q ½Fðh; kÞ  Eðh; kÞ
I3 ¼ 4pa1a2a3
a22  a23
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  a23
q a2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  a23
q
a1a3
 Eðh; kÞ
2
4
3
5 ð35Þ
I2 ¼ 4p I1  I3; h ¼ arcsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a23a21
q
; k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  a22
a21  a23
s
where F(h,k) and E(h,k) are the incomplete elliptic integrals of the
ﬁrst and second kind, respectively
Fðh; kÞ ¼
Z h
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 w
q dw; Eðh; kÞ ¼ Z h
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 w
q
dw
ð36Þ
The values of I11, I12, I13 are expressed in terms of I1, I2, I3 as follows:
I12 ¼ I2  I13 a21  a22
  ; I13 ¼ I1  I33 a23  a21  ;
I11 ¼ 4p3a21
 I12  I13; Iij ¼ Iji ð37Þ
The expressions for the values I22, I33, I23 are obtained by the cyclic
permutation of the indices (1,2,3) in Eq. (37). The values I3, I22, I33
and I23 appear in the right hand side of the Eq. (34) in the process of
the cyclic permutations of the indices. So, the values lI and mI are
determined by means of the Eqs. (32)–(37).
6. Application of the results to the bounded bodies and
numerical examples
Let V be a bounded domain. Let us suppose that the loads td
applied to the boundary @V correspond to uniaxial tension
(compression) in the direction of the axis X3
tdðXÞ ¼ ð0;0;rn3ðXÞÞ; X 2 @V ð38Þ
We suppose also that displacements ud are measured on the bound-
ary @V. Using Eq. (10) and taking the closed surface S = @V, it is pos-
sible to calculate the values RG(d, r) for all known regular elastic
ﬁelds r. If the defect G is located far enough from the boundary
@V, then it is possible to suppose that the values RG(d,r) are close
to the values RG(33d,r) corresponding to an inﬁnite solid with the
same defect G. In this case the defect parameters can be calculated
approximately using the formulas obtained in Sections 4, 5 where
the values RG(33d,r) are replaced by the values RG(d, r). It was
shown in Goldstein et al. (2007) and Shifrin and Shushpannikov
(2010) that the methods, based on the use of RGF, enable to deter-
mine the parameters of spherical and spheroidal defects in a
bounded body with high accuracy even in the cases when a defect
is located close enough to the body boundary. Below it is shown
that the formulas, obtained in the paper, enable to determine accu-
rately parameters of an arbitrary ellipsoidal defect in a bounded
body. In all considered examples it is assumed that elastic body V
is a cube {X : jXij 6 10, i = 1,2,3}, the Poisson ratio of the matrix is
mM = 0.25, the Young’s modulus is EM = 2lM(1 + mM) = 200 GPa and
the volume of the ellipsoidal defect is equal to the volume of the
ball with the radius 1, jGj = 4p/3  4.1888. The direct Neumann
problem for the applied loads (38) and various ellipsoidal defects
is considered (see Fig. 1) and displacements ud are calculated on
Fig. 1. Uniaxial tension of a cube with an embedded ellipsoidal defect.
Fig. 2. The Euler angles (u,h,w).
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the RGF are calculated and the defect parameters are determined
by the obtained formulas.
To specify the ellipsoidal defect orientation we will use the Eu-
ler angles (u,h,w) (see Fig. 2). Because the angles (u,h,w) satisfy
the inequalities 0 6 u 6 2p, 0 6 h 6 p, 0 6 w 6 p and determine
the same orientation of an ellipsoid as the angles (u + p,p  h,
p  w), it is possible to suppose that
0 6 u 6 p; 0 6 h 6 p; 0 6 w 6 p ð39Þ
In terms of the Euler angles the values ci0 j, determined in the Eq. (9),
have the following form:
c101 ¼ cosu cosw sinu sinw cos h;
c102 ¼ sinu coswþ cosu sinw cos h;
c103 ¼ sinw sin h
c201 ¼  cosu sinw sinu cosw cos h;
c202 ¼  sinu sinwþ cosu cosw cos h;
c203 ¼ cosw sin h
c301 ¼ sinu sin h;
c302 ¼  cosu sin h;
c303 ¼ cos h
ð40Þ
The Euler angles are uniquely determined from the Eqs. (39) and
(40).
The results of the identiﬁcation of the ellipsoidal cavities are
presented in the Tables 1–3. Results presented in the Table 1 are
obtained for ellipsoidal cavities with the center at the point
X01;X
0
2;X
0
3
 
¼ ð0;0;0Þ, the orientation determined by the angles
(u,h,w) = (45,30,60) and various aspect ratios q1 ¼ a3a11 and
q2 ¼ a2a11 . The given values of the aspect ratios q1, q2 are pre-
sented in the column 1. The corresponding numerical results are
presented in the rest columns.
The results for ﬁxed aspect ratios q1 = 0.5, q2 = 0.9, orientation
(u,h,w) = (60,45,30) and varying coordinates of the ellipsoid
center are presented in the Table 2. The given values of the center
coordinates are presented in the column 1. The numerical results
for the identiﬁed ellipsoid parameters are presented in the rest
columns.
The results in the Table 3 correspond to the ﬁxed location of the
cavity center X01;X
0
2;X
0
3
 
¼ ð0;0;0Þ and aspect ratios q1 = 2.0,
q2 = 1.1. The angles (u,h,w) determining the ellipsoid orientation
are varied. The given values of the angles (u,h,w) are presented
in the column 1.
The results of the identiﬁcation of rigid ellipsoidal inclusions are
presented in the Tables 4–6. The given values of the parameters in
Tables 4–6 are the same as in Tables 1–3, respectively.
The results of the identiﬁcation of the linear elastic, isotropic
inclusions are presented in the Table 7. The results are obtained
for ellipsoidal inclusions with the center at the point X01;X
0
2;X
0
3
 
¼
ð0;0;0Þ, the orientation determined by the angles (u,h,w) =
(45,45,45), the aspect ratios q1 = 0.5, q2 = 0.9 and various elastic
properties determined by the ratio of shear moduli lIl1M and
inclusion Poisson ratio mI. The given values of elastic constants are
presented in the column 1.
The formulas obtained in the Section 4 are valid both for isotro-
pic and anisotropic ellipsoidal inclusions. So, it is possible to deter-
mine the geometrical parameters of linear elastic, anisotropic
inclusions also. The results of determination of the geometrical
parameters for inclusions, having various types of anisotropy, are
presented in the Table 8. The geometrical parameters of the defect
are taken as follows: q1 ¼ 0:5; q2 ¼ 0:9; X01;X02;X03
 
¼ ð0; 0;0Þ;ðu; h;wÞ ¼ ð45;45;45Þ. The numerically determined values of
the parameters for inclusions possessing with cubic, transverse
isotropic and orthotropic types of anisotropy are presented in the
columns 2–4 of the Table 8, respectively. For simplicity the crystal-
lographic coordinate system of the anisotropic inclusions is taken
coinciding with the coordinates M0x01x
0
2x
0
3. To deﬁne concretely
the values of the elastic constants used in the examples, let us
introduce the following six-dimensional vectors:
RT ¼ r1010 ;r2020 ;r3030 ;r2030 ;r1030 ;r1020ð Þ;
eT ¼ e1010 ; e2020 ; e3030 ;2e2030 ;2e1030 ;2e1020ð Þ ð41Þ
where superscript T denotes transposition.
According to the Hooke’s law R = Ae, where A is a symmetric
6  6 matrix. In the example corresponding to the cubic anisotropy
the elastic constants for the germanium (Anderson, 1965) were
used: A11 = A22 = A33 = 131.5 GPa, A12 = A13 = A23 = 49.5 GPa, A44 =
A55 = A66 = 68.4 GPa. Due to the symmetry of the matrix A only the
elements Aij differing from zero and satisfying the condition i 6 j
are given here and below. In the case of transverse isotropic inclu-
sion the elastic constants corresponding to titan (Fisher and Renken,
1964) were taken: A11 = A22 = 162.4 GPa, A12 = 92.0 GPa, A13 = A23 =
69.0 GPa, A33 = 180.7 GPa, A44 = A55 = 46.7 GPa, A66 = (A11  A12)/
2 = 35.2 GPa. The topaz inclusion was taken as an example of
orthotropic defect. Its elastic constants are as follows (Anderson,
1965): A11 = 287.0 GPa, A12 = 128.0 GPa, A13 = 85.0 GPa, A22 =
365.0 GPa, A23 = 90.0 GPa, A33 = 300.0 GPa, A44 = 110.0 GPa, A55 =
135.0 GPa, A66 = 133.0 GPa.
Table 1
Identiﬁcation of ellipsoidal cavities with various aspect ratios.
(q1,q2) X01 X
0
2 X
0
3
q1 q2 jGj u h w
(0.5,0.9) 0.000 0.000 0.000 0.507 0.900 4.256 45.009 29.963 60.151
(2.0,0.5) 0.000 0.000 0.000 1.988 0.500 4.234 45.074 30.101 60.010
(0.5,2.0) 0.000 0.000 0.000 0.515 1.989 4.358 45.167 29.833 59.824
(2.0,1.1) 0.000 0.000 0.000 1.988 1.095 4.207 45.023 30.171 59.677
(0.2,0.5) 0.000 0.000 0.000 0.211 0.500 4.421 44.708 29.879 60.253
(4.0,2.0) 0.000 0.000 0.000 3.908 1.956 4.287 45.023 30.041 59.760
Table 2
Identiﬁcation of ellipsoidal cavities with various coordinates of the center.
X01;X
0
2;X
0
3
 
X01 X
0
2 X
0
3
q1 q2 jGj u h w
(0,3,0) 0.000 3.000 0.000 0.509 0.902 4.270 59.911 44.911 30.023
(0,6,0) 0.000 6.001 0.000 0.508 0.903 4.266 59.895 45.012 30.239
(0,0,3) 0.000 0.000 3.000 0.508 0.902 4.263 59.953 44.901 29.810
(0,0,6) 0.000 0.000 6.003 0.507 0.901 4.258 59.888 44.878 30.147
(3,3,3) 3.000 3.000 3.000 0.505 0.903 4.231 59.967 44.926 30.233
(6,6,6) 6.000 6.001 6.003 0.508 0.903 4.246 60.255 44.823 29.492
Table 3
Identiﬁcation of ellipsoidal cavities with various orientations.
(u,h,w) X01 X
0
2 X
0
3
q1 q2 jGj u h w
(30,60,45) 0.000 0.000 0.000 1.982 1.099 4.258 29.977 60.171 46.387
(120,60,135) 0.000 0.000 0.000 1.980 1.097 4.264 119.930 60.130 134.079
(60,120,30) 0.000 0.000 0.000 1.992 1.107 4.245 60.005 119.938 31.353
(5,30,60) 0.000 0.000 0.000 1.992 1.098 4.210 4.873 30.156 59.779
(30,5,60) 0.000 0.000 0.000 1.994 1.100 4.173 29.504 4.975 60.660
(30,60,5) 0.000 0.000 0.000 2.000 1.107 4.215 30.014 60.143 5.812
Table 4
Identiﬁcation of ellipsoidal rigid inclusions with various aspect ratios.
(q1,q2) X01 X
0
2 X
0
3
q1 q2 jGj u h w
(0.5,0.9) 0.000 0.000 0.000 0.506 0.900 4.278 45.076 29.931 59.912
(2.0,0.5) 0.000 0.000 0.000 1.995 0.505 4.291 44.983 30.060 59.991
(0.5,2.0) 0.000 0.000 0.000 0.515 1.990 4.387 45.206 29.775 59.811
(2.0,1.1) 0.000 0.000 0.000 1.988 1.096 4.256 45.021 30.091 60.114
(0.2,0.5) 0.000 0.000 0.000 0.210 0.502 4.443 44.750 29.896 60.248
(4.0,2.0) 0.000 0.000 0.000 3.918 1.963 4.322 45.001 30.049 60.053
Table 5
Identiﬁcation of ellipsoidal rigid inclusions with various coordinates of the center.
X01;X
0
2;X
0
3
 
X01 X
0
2 X
0
3
q1 q2 jGj u h w
(0,3,0) 0.000 3.000 0.000 0.507 0.902 4.301 59.887 44.821 30.052
(0,6,0) 0.000 5.999 0.000 0.508 0.901 4.313 59.971 44.859 29.986
(0,0,3) 0.000 0.000 3.000 0.508 0.903 4.308 59.971 44.871 29.827
(0,0,6) 0.001 0.000 5.998 0.509 0.902 4.323 59.887 44.879 30.208
(3,3,3) 3.000 3.000 3.000 0.508 0.902 4.306 59.890 44.917 30.251
(6,6,6) 6.000 6.000 5.997 0.509 0.900 4.338 59.729 44.759 29.251
Table 6
Identiﬁcation of ellipsoidal rigid inclusions with various orientations.
(u,h,w) X01 X
0
2 X
0
3
q1 q2 jGj u h w
(30,60,45) 0.000 0.000 0.000 1.981 1.099 4.310 29.952 60.131 46.855
(120,60,135) 0.000 0.000 0.000 1.980 1.097 4.310 119.968 60.117 133.515
(60,120,30) 0.000 0.000 0.000 1.987 1.102 4.297 59.966 120.919 31.179
(5,30,60) 0.000 0.000 0.000 1.992 1.098 4.251 4.849 30.080 59.876
(30,5,60) 0.000 0.000 0.000 1.992 1.099 4.237 29.881 5.002 60.009
(30,60,5) 0.000 0.000 0.000 1.993 1.104 4.275 30.042 60.110 4.921
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Table 7
Identiﬁcation of isotropic elastic inclusions with various elastic properties.
lIl1M ; mI X01 X
0
2 X
0
3
q1 q2 jGj u h w lIl1M mI
2.0, 0.3 0.000 0.000 0.000 0.509 0.901 4.330 44.958 44.755 44.832 1.928 0.300
0.5, 0.3 0.000 0.000 0.000 0.504 0.903 4.207 45.413 44.957 44.508 0.500 0.300
2.0, 0.1 0.000 0.000 0.000 0.509 0.901 4.341 44.900 44.829 44.931 1.944 0.107
0.5, 0.1 0.000 0.000 0.000 0.504 0.899 4.221 44.882 44.965 44.876 0.501 0.103
2.0, 0.4 0.000 0.000 0.000 0.508 0.901 4.328 44.947 44.717 45.040 1.915 0.395
0.5, 0.4 0.000 0.000 0.000 0.499 0.898 4.167 44.881 44.823 45.126 0.498 0.401
Table 8
Identiﬁcation of geometrical parameters of ellipsoidal anisotropic inclusions.
Cubic Transverse isotropic Orthotropic
X01 0.000 0.000 0.000
X02 0.000 0.000 0.000
X03 0.000 0.000 0.000
q1 0.488 0.496 0.509
q2 0.902 0.899 0.900
jGj 3.945 4.090 4.341
u 45.338 45.012 45.056
h 44.817 44.912 44.958
w 43.322 45.142 44.159
Fig. 3. The shapes of the defects.
Table 9
Volumes and coordinates of the centers of ellipsoids corresponding to cylindrical
cavities.
hR1 X01 X
0
2 X
0
3
jGj
0.25 0.000 0.000 0.000 5.409
1.00 0.000 0.000 0.000 4.937
4.00 0.000 0.000 0.000 5.695
Fig. 4. Graphical comparison of the cylindrical
Table 10
Volumes and coordinates of the centers of ellipsoids corresponding to parallelepiped
cavities.
ca1 X01 X
0
2 X
0
3
jGj
0.25 0.000 0.000 0.000 4.611
1.00 0.000 0.000 0.000 5.446
4.00 0.000 0.000 0.000 6.496
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The Tables 1–8 show that parameters of ellipsoidal defects are
determined by the obtained formulas with high accuracy. Unfortu-
nately, the shape of a defect is unknown usually. So, it is interesting
to know how the formulas work in the cases when a defect has
non-ellipsoidal shape. If the loads and displacements are measured
on the boundary of the body, it is possible to assume that the de-
fect is an ellipsoid and to determine its geometrical parameters
by the formulas presented in the Section 4. After that we can com-
pare the real defect and constructed ellipsoid. Several examples
where the defects are compared with the constructed ellipsoids
are considered below. In the examples the Neumann problem for
a cube, considered on the Fig. 1, with various defects having the
volume equal to the volume of a unit ball (the same as in the Sec-
tion 6) are solved and the displacements on the boundary of the
cube are calculated by FEM. After that the ellipsoid is constructed
using the formulas of the Section 4. Four types of the defect shapes
are considered: cylinder, parallelepiped, square pyramid and tetra-
hedron with equilateral triangle at the base (Fig. 3). In all examples
the defects are cavities. The centroids of the defects are located at
the point M0 with coordinates X01;X
0
2;X
0
3
 
¼ ð0;0;0Þ. The direc-
tions of the axes of coordinates M0x01x
0
2x
0
3 related to the defects
(see Fig. 3) form the Euler angles (u,h,w) = (30,45,60) with the
directions of the axes of coordinates OX1X2X3.
The determined values of volumes and coordinates of the
centers of the constructed ellipsoids obtained by the use of
displacements on the boundary @V corresponding to cylindrical
cavities with various ratios hR1 (see Fig. 3a) are presented in the
Table 9.
The graphical comparison of the cylindrical defects and corre-
sponding ellipsoids are presented on the Fig. 4.
The volumes and coordinates of the centers of ellipsoids corre-
sponding to cavities having the parallelepiped shape are presenteddefects with the corresponding ellipsoids.
Fig. 5. Graphical comparison of the parallelepiped defects with the corresponding ellipsoids.
Table 11
Volumes and coordinates of the centers of ellipsoids corresponding to square pyramid
cavities.
h(2a)1 X01 X
0
2 X
0
3
jGj
0.25 0.081 0.130 0.044 7.638
1.00 0.096 0.142 0.011 6.650
4.00 0.031 0.045 0.036 6.436
Table 12
Volumes and coordinates of the centers of ellipsoids corresponding to tetrahedron
cavities.
h(2a)1 X01 X
0
2 X
0
3
jGj
0.25 0.080 0.140 0.030 7.748
1.00 0.017 0.031 0.117 7.032
4.00 0.029 0.050 0.102 6.420
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peds. The ratio ca1 is varied. The values ca1 are given in the
column 1. Notations a, b and c are pointed out on the Fig. 3b.
The graphical comparison of the parallelepiped defects and
corresponding ellipsoids are presented on the Fig. 5.
The volumes and coordinates of the centers of ellipsoids corre-
sponding to cavities having the shape of a square pyramid are pre-
sented in the Table 11. The ratio h(2a)1 is varied. Notations h and
a are represented on the Fig. 3c. The values h(2a)1 are given in the
column 1.
The graphical comparison of the square pyramid defects and
corresponding ellipsoids are presented on the Fig. 6.
The volumes and coordinates of the centers of ellipsoids
corresponding to cavities having the shape of a tetrahedron with
the equilateral triangle at the base are presented in the Table 12.
The ratio h(2a)1 is varied. Notations h and a are represented on
the Fig. 3d. The values h(2a)1 are given in the column 1 of the table.
The graphical comparison of the tetrahedron defects and
corresponding ellipsoids are presented on the Fig. 7.8. Sensibility of the results to the number of used integration
points and noise in data
To calculate the values of RGF used for the defect identiﬁcation,
the boundary @V of the cubic body V was meshed by equal square
elements, the displacements ud were calculated by FEM at 9 points
for each element and the integration was performed by using
Gaussian quadrature rule. Because the calculated values of ud sim-
ulate the measurements in the experiment, it is interesting to
study dependence of the results on the number of measurements.
The dependence is studied on the example of an ellipsoidal cavity
of general location. Consider a cavity with the volume equal to
the volume of a ball of the radius 2, the center located at the
point X01;X
0
2;X
0
3
 
¼ ð1;2;3Þ, aspect ratios q1 = 2.0, q2 = 1.5 andFig. 6. Graphical comparison of the square pyramorientation determined by the angles (u,h,w) = (30,40,50). The
volume of the defect is taken 8 times greater than the volume of
defects considered in the Sections 6, 7 to show that the formulas
work well for big enough defects too. Each facet of the boundary
@V is divided into m m equal square elements in the considered
example. So, the total number of points on the boundary @V, where
displacements are calculated (measured), is equal Nm = 6  9 m2.
The dependence of the results on the value m is presented in the
Table 13. The number m is given in the ﬁrst column. The results
of identiﬁcation are presented in the rest columns.
The results presented in the Table 13 demonstrate that the
identiﬁcation procedure is quite stable to varying of the number
of integration points. The number of integration points which
should be used for defect identiﬁcation is related to the defect size.
Naturally, the size of the square elements, dividing the surface @V,
has to be comparable with the size of the defect. The value m = 15
was used for the identiﬁcation of defects considered in the exam-
ples of the Sections 6, 7 because their sizes were much less. The re-
sults presented in the Table 13 demonstrate that for the bigger
defect size the number of integration points necessary for defect
identiﬁcation can be drastically reduced.
Since the proposed identiﬁcation algorithm is based on the
measurements which are usually subjected to the noise, the
sensibility of the identiﬁcation results to noise in the data has
to be studied. In the numerical examples considered above the
measured data were obtained by FEM and hence, due to computa-
tional errors, already noisy. Also, the considered examples for
non-ellipsoidal defects show that the used identiﬁcation method
is quite robust to the noise in the data. In the examples considered
below the noise in the data is added to the values of calculated dis-
placements in the explicit form. The cavity considered above in this
section is taken as a defect in all examples. Let us note that the val-
ues of RG-integrals are determined by the difference Du = ud  u0,
where u0 are the displacements on the body boundary correspond-
ing to the body without any defects subjected to the same loads.id defects with the corresponding ellipsoids.
Fig. 7. Graphical comparison of the tetrahedron defects with the corresponding ellipsoids.
Table 13
Identiﬁcation of ellipsoidal cavity using various m.
m X01 X
0
2 X
0
3
q1 q2 jGj u h w
2 1.003 2.010 2.974 2.005 1.593 31.238 35.051 54.633 58.857
3 0.998 1.996 3.009 2.022 1.507 33.422 27.352 39.192 51.389
5 1.000 1.999 3.008 1.995 1.500 33.552 29.872 40.427 50.341
10 1.000 1.999 3.009 1.991 1.496 33.770 29.964 40.026 49.852
15 1.000 1.999 3.008 1.992 1.497 33.749 29.931 40.043 49.882
20 1.001 1.999 3.009 1.991 1.497 33.760 29.949 40.028 49.856
Table 14
Identiﬁcation of ellipsoidal cavity with s ¼ 0:03Du.
No. X01 X
0
2 X
0
3
q1 q2 jGj u h w
1 0.999 1.999 3.015 1.968 1.478 33.956 27.065 39.848 56.700
2 1.002 1.997 3.007 2.101 1.559 31.797 26.040 38.293 54.249
3 1.002 2.000 3.007 2.105 1.571 32.229 27.282 37.724 51.158
4 1.002 1.997 3.008 1.954 1.453 33.919 30.971 38.165 52.232
Table 15
Identiﬁcation of ellipsoidal cavity with s ¼ 0:05Du.
No. X01 X
0
2 X
0
3
q1 q2 jGj u h w
1 1.000 1.997 3.022 1.893 1.396 32.253 29.886 38.360 56.926
2 1.002 2.002 3.007 1.983 1.548 35.145 30.466 41.018 44.442
3 1.000 2.000 3.011 1.983 1.429 34.259 31.182 34.259 50.833
4 1.000 2.002 3.004 2.181 1.604 31.857 24.586 37.852 69.420
Table 16
Identiﬁcation of ellipsoidal cavity with s ¼ 0:07Du.
No. X01 X
0
2 X
0
3
q1 q2 jGj u h w
1 0.996 2.002 3.004 2.173 1.682 28.997 34.605 40.193 50.599
2 0.994 1.999 3.020 1.706 1.340 36.904 31.533 42.893 52.147
3 0.999 2.001 3.015 2.268 1.655 32.447 32.447 46.991 55.416
4 0.999 2.000 3.011 2.292 1.783 29.864 15.635 36.320 55.535
Table 17
Identiﬁcation of ellipsoidal cavity with s ¼ 0:1Du.
No. X01 X
0
2 X
0
3
q1 q2 jGj u h w
1 0.999 1.998 3.017 2.104 1.728 31.045 29.057 49.463 47.780
2 1.001 2.001 2.997 1.847 1.264 35.082 36.106 38.701 35.482
3 1.007 1.994 3.016 2.210 1.694 28.250 16.119 43.227 65.809
4 1.003 2.002 3.011 2.254 1.755 32.803 27.314 43.873 52.781
Table 18
Identiﬁcation of ellipsoidal cavity with s ¼ 0:15Du.
No. X01 X
0
2 X
0
3
q1 q2 jGj u h w
1 0.992 1.997 2.977 2.885 2.160 23.387 179.240 160.044 103.965
2 0.990 2.002 2.962 1.587 1.267 43.569 36.394 23.960 35.376
3 1.002 2.004 3.035 1.700 1.185 29.770 29.770 29.714 41.768
4 0.988 2.007 3.029 1.762 1.249 40.786 35.906 36.491 60.288
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Fig. 8. Graphical comparison of the identiﬁed (dark) and given (bright) defects: (a)
4th realization in Table 15; (b) 2nd realization in Table 17; (c) 1st realization in
Table 18.
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PNm
j¼1jDuðXjÞj is taken as the measure of differ-
ence between the displacements. Here Xj is the point of measure-
ment with the number j. It is clear that the defect identiﬁcation
can be satisfactory only if the noise is small relative to the value
of Du. To simulate the noise we added independently to each of
calculated (measured) displacements the random variable having
normal distribution. It is assumed that there is no systematic errors
in the measurements of displacements. So, the mean value of the
distribution is taken equal to zero. Results, corresponding to vari-
ous values of the standard deviation s are presented in Tables
14–18. The normal distribution was generated by a Fortran rou-
tine. Due to the random nature of noise four realizations of noise
are presented for all values s.
Results presented in Tables 14–18 demonstrate that even for
15% noise in the data the defect can be identiﬁed. The difference
between the identiﬁed angles (u,h,w) and their exact values is
considerable in some considered cases. Nevertheless the difference
between the given and identiﬁed defects is not so big, as illustrated
on the Fig. 8.
9. Conclusions
A method for identiﬁcation of arbitrary ellipsoidal cavities and
inclusions embedded in an isotropic, linear elastic solid is devel-
oped. The method is based on the use of reciprocity gap functional
and generalizes the previous results (Goldstein et al., 2007; Shifrin
and Shushpannikov, 2010; Shifrin, 2010) where the methods for
identiﬁcation spherical, spheroidal and geometrical parameters of
ellipsoidal defects were developed. Numerical analysis of the efﬁ-
ciency of the developed method is fulﬁlled. The calculations show
that the ellipsoid parameters are determined by the developed
method with high accuracy. Several examples are considered
where the method is applied to non-ellipsoidal defects. The ful-
ﬁlled calculations show that the method enables to identify an
ellipsoid reasonably approximating the real defect. It is shown that
the results are stable relative to the noise in the data. The results
are obtained for the case when uniaxial tension (compression) is
applied to the body boundary. Some other types of applied loads
can be considered similarly.Acknowledgement
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